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Abstract.A field theoreticaldiscussionofthecomplexconstructedbyFloerin order
to provetheArnold conjectureconcerninga Morsetheoryfor thefixedpointsetof
diffeomorphismsofa symplecticmanifoldis offered. Theapproachis modelledon
thesupersymmebicnon-linearsigmamodelin (1+ 1) -space-timedimensions.The
associatedtopologicalquantummechanicsareprovedto berelatedwith theLefschetz
formulaof fixedpointsofho]omorphicmapsoncomplexmanifolds.Expectationval-
uesofvertexoperatorsprovideaquantummechanicalversionof the Witten-Jonesin-
variantrofknottheory. Stochasticquantizationof thetopologicalquantummechanics
isperformedin thesettingofthesupersymmetricsigmamodel.Expectationvaluesof
significantoperatorsin topologicalquantummechanicsare, non-trivially, obtainedas
theaverage,largestochastictimebehaviour,ofsimilarobservablesin thesupersym-
metricsigmamodel.Applicationsofthesupersymmetricsigmamodelto thephysics
ofliquid crystalmaterialsaresuggested.A topologicaltheoryofspin forrelativistic
particlesmovingin curvedspace-timearisesfrom topologicalquantummechanics.

1. INTRODUCTION AND CONCLUSIONS

In thepastfew yearswehavewitnessedspectaculardevelopmentsin topologywhich
canbeapproachedin the frameworkof quantumfield theory [1]. The field theoretical

viewpointbeingnon-rigorous,in contrasttotheoriginal mathematicalworkon geometry
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of low dimensionalmanifolds[2], strong reasonsshould be givento extendthe setof
modelswhereWitten ideasareto beapplied. Thesearetwofold: onthemathematical

side,the scopeof the intersectionbetweenfield theoryand mathematicsis broadening
to becomea wholeareaincludingquantumphysicsandtopologyasnewfeatures.From
thephysicalside, themodelsenteringthe game,gaugetheoriesand sigmamodels,are

so importantthat the unveiling of any hiddensubtlestructuremustbe welcomed. A
generalpictureof the modlesin QFT with topologicalsignificance,as describedin
thelastpaperof Ref. [1] is summarizedin Fig. 1 with specialattentionto thedual role

of the Hamiltonianand Lagrangianformalisms. In this paperwe will focusin models
in spatial-dimensiond = 1 and d = 0 in the Hamiltonianformalism,placingspecial

emphasison developingthelink betweenthemprovidedby thestochasticquantization

of the d = 0-dimensionalmodel.

1. We shall first describeHoer’s proofof the Arnold conjecturein the settingof

a (non-relativistic)supersymmetricextensionof the non-linearsigmamodel in (1 +

1)space-timedimensions.HoerprovedtheArnold conjecture[4] concerninga Morse

Theoryfor fixed pointsof diffeomoiphismsof a symplecticmanifold by defining the

homologyof theboundaryoperatorobtainedfrom theholomorphiccurves(instantons)
boundedby intersectingLagrangiansubmanifolds.Thisis closein spirit to the Smale
version[5] of MorseTheoryinspiredin classicalmechanics.Ourpresentationwill be

alongthelinesputforwardby Wiuenin thefirst, seminal,paperofReference[1], essen-

tially thesemi-classicalapproximationtoquantummechanics,closelyfollowing aparal-
lel developmentof thetopologicalimplicationsof SupersymmetricYang-Mills Theory
[6]. Hoer’s Theoryis a MorseTheory for the spaceof mapsfrom the unit interval

to a symplecticmanifold M with endpointsin Lagrangiansubmanifolds.The Morse
functional is the areafunctional subtendedby a pathbetweenintersectingLagrangian

submanifolds.

2. A very intriguing propertyof the HoerHamiltonianis the existenceof an obvi-

ouszeroenergyeigenfunctional:theexponentialof theareafunctional[7]. It ishowever
non-normalizablebutif onecomputesthenorm by thesteepestdescentmethodonefinds

thattheorigin of thedivergencesis theDirac seatied to all thecandidates,beforetun-
nelling,to becomegroundstates.Forthisreasonwe shallcall it theglobal groundstate,

eventhoughthenamecanbemisleadingowingto its physicalmeaning: thegroundstates
shouldbenormalizable!In anycasethe (complex)norm carriestopologicalinformation.

By analyticcontinuationto theimaginayaxisof the deformationparameterthe norm
of thegroundstatecanbeseenasthepartitionfunctionfor amodel inquantummechan-
ics for which theactionis the areafunctional. BecausethecorrespondingHamiltonian

is zero thereare no dynamicsandwe are dealingwith topologicalquantummechan-
ics. In fact, thepartition functionmustbe an invariantof thetargetmanifold. Wewill

computethis in the casewhere M is a Kählermanifold to meetthe Ledfschetzfixed
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Fig. 1. In this Figure we show a Table summarizing the models in QFT we are going to
dealwith throughout the paper. Essentially theyare sigmamodels in one-andtwo-spaceor
space-timedimensions. Distinguishing a time-coordinate amounts to choosingthe Hamil-
tonian, as opposedto the Lagrangian or Feymann, quantization procedure. We will focus
on the SupersymmetricSigma Model in (1 + 1)-dimensions,(SaM)/1 ,and on the Wess-
Zumino-Witten Quantum Mechanicsin 1-dimension; (QM)r’~’ is the infinite masslimit
of massiveQuantum Mechanics, (MQM)~jf~’, single arrow, where the interaction term
in theLagrangian is the Wess-Zuminoterm. it is possible to considera covariant stochastic
timeto end in theTopological SigmaModel ofWitten, (TcrM)~”,triple arrow. The choiceof
aparticular quantization procedure for eachmodel assumedin the Table is the mostnatural
one. There is a parallel situation for gaugetheories in three-and four-spaceandspace-time
dimensionsasmeantby the broken arrows and thedictionary:

(MCT)f~[T: MassiveGaugeTheory.
(GT)~~

5: Chern-SimmonsGaugeTheory.
(SYM)j~: SupersymmetricYang-Mills Theory.
(TYM)

4 ‘: Topological Yang-Mills Theory.

The purpose of thispaper is to explain themathematical andphysical implications ofthe

quantization of the sigmamodels in the Table and the links betweenthem.

point formula for theLefschetznumberof the Dolbeaultcomplex. To obtain the sta-
tionaryphaseapproximationof thepartitionfunctionwewill needto fix some<<gauge>>
freedom,the correspondingFadeev-Popovghostssupplying a fermionic sectorin the
model. It happensthat our model is the limit of the sigmamodel in supersymmetric

QuantumMechanicsappearinginmostrecentconventionalproofsof the index theorem
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[8], wherethenon-zeroeigenvaluesof the Hamiltoniandecouplesby goingto infinity.

3. Oneof the main themesof this paperis to establisha link betweentopologi-
cal quantummechanicsand the supersymmeiricsigmamodel in (1 + 1)-dimensions:

the stochasticquantizationof a systemfor which the actionsis the areafunctionalis

performedby meansof the secondsystemtaking as the Langevin equationthe gra-
dient flow equation[9]. This is a fairly generalfact working also in supersymmetric

QuantumMechanicsand Yang-Mills Theorywhosetopologicalassociatedmodelsare
zero-dimensional<<potential>> theoryand three-dimensionalChern-SimonsTheory, in
Lagrangianformalism,respectively.Stochasticquantizationprovidesa bridgebetween

topologicalmodlesin d-and (d + 1)-dimensions andshedslight on the problemof
understandingthe different role of theareafunctional, or similarMorse functionals,in
(0 + 1)-and (1 + 1)-dimensions.In contrastwith theorieswherethe groundstateis

unique,thestochasticquantizationof topologicalquantummechanicshasspecialchar-

acteristcsowing to thelackof ergodicity. We shall showthat the largetime behaviour
of the tunnelingamplitudesbetweenlocal ground statesin thesupersymmetricsigma
modelgivesthefactorsof theexpansionof thepartitionfunctionof topologicalquantum
mechanicsaroundthecritical pointsof the actionfunctional. Theobvioustopological

relationshipbetweenHoerhomologyandspecialcritical pointsarisesasthelarge-time

behaviourof thetunneleffect.
It is also interestingto observethat stochasticquantizationcanbe interpretedas the

BRSTgaugefixing of a purelytopologicalaction. This is the deepreasonfor thees-
sentiallytopologicalcontentof somesupersymmetricmodelsin QuantumFieldTheory.

4. Blip-vertexoperators,of thekind introducedin solitonphysics[101,arevery im-

portantin topologicalquantummechanics.They <<pierce>>theunit intervalof euclidean
time creatingn new intervalsand in, this sense,TQM is atopologicalmodeldefined

on a spaceof n points. Its expectationvaluesareinvariantsfor braids,mapsfrom [0,

1] to thesetof n unorderedpointsin C which areequalat 0 and 1 . Becausea knot
is the closureof a link they alsoprovideknot invariants. In fact, this contactwith the

Chem-Simonstheory. In theHamiltonianformalismthepartitionfunctionof CStheory,
aftereliminatinggaugefreedom,ispreciselythepartition functionof theWess-Zumino-
Witten topologicalquantummechanicswhentheKählermanifold M2~is themoduli

spaceof flat connectionsof a C-bundleoveraRiemannsurface~ . Moreover,thein-
clusionof Wilsonlinesin thetheorymodifiestheconstraintequation,leadingto WZW

quantummechanicsoverthedirectproductof themoduli spacewith n co-adjointorbits
CIT correspondingto irreduciblerepresentationsof C. In this waythebraidinvariants
previouslyalludedto are relatedto theWitten-Jonesinvariantsof Reference[1].

The pawnmoveson the chessboardof Figure 1 arenow nearlycomplete. From d
to d + I the move is stochasticquantization;from d to d + 2 it is the couplingpro-

videdby restrictingthe (d+ 2)-dimensionalbase(space)manifold to a d-dimensional
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submanifold. Implicitely we are linking WZW topologicalquantummechanicswith

CS topologicalquantumfield theory, (0 + 1) versus(2 + 1)-dimensions,and the
supersymmetricsigmamodel with supersymmetricYang-Mills Theory, (1 + I) versus
(3+1)-dimensions.Theyareverydifferent: thesystemsin d = 2 or 3 dimensionsare

notyet rigorouslydefined,while thesupersymmetricsigmamodelhasbeenconstructed
in [11] andquantummechanicspresentsno problemsof divergencesat all. How is it
possiblethatthey yield similartopological invariants?Theansweris that thetopolog-
ical obstructions,being independentof theparameters,are essentiallycapturedin the

semiclassicallimit wherethedivergencesof quantumfield theoriesin d = 3 or 3 are
harmless.

5. On thephysicalside,thesupersymmetricsigmamodeldescribesone-dimensional
condensedmattersystemswithasymplecticmanifold asthespaceofstatesofatensorial
orderparameter,theorderparameterbeingconstraindedto beon Lagrangiansubmani-

foldsin theboundaryofthematerial.Thestructureof thegroundstate,correspondingto

thebreakingof symmetriesof the finite groups,isofthekind arisinginbluephases[12]
of crystalline liquids. The model also displaysthephenomenonof fermionfractioniza-

tion [13], dueto thefactthattheDiracsea,definedatdifferentgroundstates,is different
andessentiallytied to Hoerhomology. Theexpectationvalueof thevertexoperatorsat

theglobalgroundstatetellsusthatthemodel describesaplasmaphase,with amassgap
anddipole dissociation[14], at leastat low temperature.

The WZW topologicalquantummechanicscanbeinterpretedphysicallyasagener-

alizationofthePolyakovtopologicaltheoryof spinto (2 n+ 1)-dimensionalandcurved

universes[15]. The propagatorof a relativistic particlemoving in (2n + 1)-dimen-
sionaluniversesandthevelocitiesdefinedon a Kählermanifold M, with spinfactors
given by thepartition functionof the WZW topologicalquantummechanics,is that

correspondingto theDirac operatorin a (2 n+ 1)-dimensionalcurvedspace.It seems
thattopologicalquantummechanicsishalf-waybetweentheindextheoremandtheDirac

operator!
Theorganizationof thepaperis a follows: in Section§2 we introducethesupersym-

metricsigmamodelanddescribeHoerhomology,inSection§3wedealwith topological
quantummechanicsandknotinvariants.Finally,in Section§4 weexplainthestochastic

quantizationprocedureanddiscussthephysicalapplications,andSection§5 is devoted
to work outan exactexample.

2. THE MODEL AND FLOER HOMOLOGY

In the spaceof maps ~ from theunit interval Ito a symplecticmanifold M with
endpointsin intersectingLagrangiansubmanifoldsweshallenvisagetheexterioralgebra
asthe forms formally realizedas fermionic quantumoperators,the exteriorderivative
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Fig. 2. Holomorphic curves, instantons,in sometwo-dimensionalKähler manifolds bounded
by intersecting lagrangian submanifolds; a) Sphere.b) Torus. c) Hourglass.d) Cylinder.

being a (non-relativistic)Dirac-Ramondoperator[16]. Onecandefinefrom it, closing
one’seyesto thedivergencesarisingin infinite systems,a Laplacianoperatorandlook
for the<<harmonic>>forms in orderto learnsomethingof thetopologyof ~.

Evenin finite dimensionsthis is a difficult probelm to deal with but, conjugating

theexteriorderivativeoperatorby the exponentialof theareasubtendedby aloop, the
deformedLaplacianis theHamiltonianof thesupersymmetricsigmamodel,whosedi-
vergencesare fairly well controlled[11], andthe harmonic forms are thegroundstates.
In theclassicallimit theyare wavefunctionalsverypeakedaroundthecritical pointsof

thearea,theconstantloopsat intersectingpointsof Lagrangiansubmanifolds,butsome
of themare fake groundstateswhenonetakesinto accountquantumeffectsdueto in-
stantons.It happensthat thegroundstatesnotremovedby tunneleffectarethosecentred

aroundthe critical pointsof anyfunction of M forcedby thetopologyof M; thusa
MorseTheoryfor the setof fixed pointsof diffeomorphismson Al arises(seeFig. 2).
Furthermore,thegroundstatesreflectstopologicalpropertiesof ~ itself,althoughvery

subtleones.BecausetheHessianoperatorof theareais unboundedbelowall thecriti-

calpointshavean infinite Morseindex; the importantconceptbecomesrelativeMorse
indices.ThenHoerhomologyof M is a homologyofthe middledimensionin ~ [17]
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and becausetheHessianis theenergyoperatorfor thefermionsthephysicaldisguiseof

theseconceptsis the Dirac seadefinedon eachof thegroundstates.
Theaim of this Sectionis to describeall this in detail.

2.1 The supersymmetricsigmamodel

Let Al be a compact complex manifold of real dimension 2n. In a local trivial-
ization of the tangentbundle TM , wherea vectorfield isdescribedby its components

v’, I = 1,.. . , 2n, the almostcomplexstructure,a section J of End TM suchthat
= —I, correspondsto a tensorfield J~$obeying

(2.1) = —6k.

Weconsider M equippedwith a Riemannianmetric of type (1,1); then

(2.2) =

or = —J~~where ~ = ~ We will restrictourselvesto the caseof Kähler
manifolds,wherethealmostcomplexstructureisparallelwith respectto theLevi-Civita

connection

(2.3) D~J~= ôkJ + — = 0

becauseformulaeare simpler,the generalcaseof a symplecticmanifoldbeingconcep-

tually equivalent.
The configuration spaceof the model is

L~(Lo,L1)={qS(z)EC°°([0,l],M)/cb(0)eL0 and

qS(I) E L1}

thespaceof smoothmapsfrom the unit interval to M with endpointsin intersecting
Lagrangiansubmanifolds,Fig. 2. In a local systemof coordinatesu~,I = 1,... , 2n,

elementsof T~T2,thecotangentspaceto 12 at çb, are<<one-forms>>of the type

(2.4) Wl[~] = f dxf~[~,x]6u~(z)

whereby ôu’(x) we meanthevariationof an elementof the basisof the cotangent

bundleto M alogn çb with appropriateboundaryconditionson L0 and L1. A Rie-
mannianmetricon 12 is given by the innerproductof the L

2([0, 1]) type

(2.5) (5~,&/)= f dxg~
1(çb)8u~i5u’
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meanwhile,oneconstructsthe<<exterioralgebra>> A *( 12) of 12 by meansoftheexte-

rior product

(2.6) Wt[~] =f dx1... fdzkf~~

[
4’;x1,...,xk]6u”(xl) A...A8u’~(x)

where 6u1(x)A8u1(y)= —e5u1(y)A6u~(x)andthe f
1,... areanti-symmetrictensors

contractedwith thewedgeproductof the 6u’s. In particulara <<symplectictwo-form>>
is definedby

(2.7) W= (6~,6~)= fdxJu(c~)6u~A6u’.

Akey ingredient inour discussionis thedefinition ofthe <<exterior differential operator>>,

6: Ak(12) ~4 A~’(12) ,mapping k-forms in (k+ 1)-forms,

(2.8) 6=jdx5~) .~‘(z)

where ~~(x) âu’(x)A,andits adjoint 5*: Ak(12) —..A~’(12),

(2.9) 6*~fdxS x(x)

with x~(x) ~.(6u’(x)) . Thephysicistnotationfor theoperators~‘( x) and x’( x)

isjustifiedby noticingthattheysatisfyanticommutationrelationsof the type

{x~(x),~(y)} =
(2.10)

{x’(x),x’(v)} = {~(x),~’(y)} = 0

i.e. theyarerealizedby fermionic quantumoperators.
TheformalLaplacianA = 6*8 + 66* actingon afunctional F[ ~1 : 12 —~ R which

is C
2 and L2 in thefunctionalsensecanberegularizedin theform

(2.11)

where C
8(x — y) is thekernelof — ~. At this point, <<infinite dimensional>>Hedge

theorymay be considered.Onecould try to describethe topologyof 12 in termsof
harmonic<<functional>>formsof A . Theproblem,beingtoodifficult to bemanagedby
analyticmethods,canbe approachedin anindirectway. Indeed A canbe thoughtof
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asa supersymmeytricHamiltonianwith respectto the symmetrygeneratedby 6. The
followingrelations

(2.12) H0 = {6,6} (a) 62 = 6*2 = 0 (b) [8,H0] =0 (c)

definea supersymmetricsystemfor which the groundstatesH0 ~&k[ç

1] = 0 are the
harmonicfunctional k-forms of A. The ideais to look for a Hamiltonian,somede-

formationof H
0 , suchthat thegroundstatescanbeeasily found in somespeciallimit

while the<<Bettinumbers>>comingfrom thenewLaplacianarethesameasthosecoming
from A.

FollowingHoerweextendour configurationsspaceto be

12~(Lo,Li)={ct(x,r)EC°°([0,1]xR,M)/q~(0,r)ELo

and çb(l,r) C L~}

introducinganextraparameterr (<<euclidean>>time),and consideringthevectorfields

belongingto T~12~

(2.13) ~(x,r)=~-.~ ~‘(x,r)~~—.~-,

respectivelyin the directionsof [0, 1] and R; theWess-Zumino-Winenfunctional

[18] is

A[~] = W(qS,~’)= fw= fJij(cS)du’Adu’

(2.14) .fDo fl (öu
t ôu’ ôu’ t9u~\

= I dri dxJ
1.(~)f——————J

J_00 Jo ‘ ox Or OT Ox I

i.e. the areaboundedby ~(x, —oo), çb( x, oc), L0 and L1. Stoke’s theoremtell us
that: 1) A is in fact a functionaldefinedon 12 , not in 12~.2) A is a topological
invariant, independentof thechoiceof L0 and L1. 3) It is ambigous:A changesby

4 irk by covering k-times the fundamentaltwo-cycle in H2 ( M; 1~).
Definenewdifferentialoperatorsby.

68 = e_8A6e8A = 6 + s6A
(2.15)

6; = e~6e~= 8* — 88*A

From the gradient of .4

(2.16) 6.4 = JI dx {J;[~]~-~}~~(z)
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one finds easilythat ~

(2.17) ~

is anoperatorof theDirac-Ramondtypewitha secondtemicomingfromthevectorfield
J ~ , orthogonalto the loop, insteadof the generatorof loop rotations.The deformed

Laplacianis still asupersymmetricHamiltonian,with supersymmetrygenerator68,

H8 = {6~,~ = {6*,6} + 82(6.4)2 + sf dz~(x)6~~5x’(x);

explicitely, it is

2 f du
1du3

H
8H0+s J~dxg~[~].~—-~---

(I d
+ a I d$’(x)J~.[cb]—

1-
Jo ‘ di

(2.18)
çI ~• 6~ 2 du’du’

10 dz
1—g’(~)5 •~ .+s g~,[4]-~-—-~--—

+

The key ideais that dim Ker 6 = dim Ker 6~and dim Ire 6 = dim he 68 because
functionalin thekernelof 6 are in one-to-onecorrespondancewith thosein thekernel
of 6~justby undoingtheconjugationby e8A.

2.2. Localgroundstates

The groundstatesof H8 could thereforeprovidea model for thehomologyof 12
and it happensthat in the limit a —~ 00, theclassicallimit in physicalterminology,

they are verypeakedgaussianscentredaroundthe pointswhere 6A = 0 , the critical
pointsof A. Theseare theconstantloops,the pointswhere L0 and L1 meet,which

arenon-degenerateif the intersectionsaretransversal.ThissuggestsMorseTheorybut
averypeculiaronebecausethespectrumof theHessian

(2.19) 6
2AI~= fl dzJ

15[~~]~—

is unboundedbelow; this meansthat all thecritical pointshavea Morseindex ~(~),
thedimensionof thenegativeeigenspaceof 62.4I~equalto infinity. Onecannottry
to relatein thetraditionalway thecritical pointsof A with the topologyof 12 and,to
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copewith this situation,we define<<regularized>>or <<relative>>Morseindices PR[ ct~1=

— ~[~] with respectto onecritical point çI~selectedasa reference.We shall
dealwith <<middle dimensional>>homology,a conceptexplainedin thefourth paperof
Reference[2] andto bedevelopedlaterin thispaper.

TheHamiltoniannearacritical point 4~isobtainedby expandingthe<<bosonic>>and

<<fermionic>> fields in termsofeigenfunctionsof theHessian

=

u’(x) = u~+~a~f~(z);
(2.20)

~(x) = ~c~f~(x) ; x’(z) =

{C,Cm} = 6,,~,; {c,c,,} = {Cn,Cm} = 0

Thisistantamountto usingMorsecoordinates[19]; thespectrumof H
3 fuiffil SpH3 ~

~ ASPH when3 —, 00 and H is

(2.21) H8 = ~ [_~-~- + ~ + a.X~[c~~c~]]

Thespectrumis

(2.22) SpH=>{(2p~+ 1)~~~+(2q~—1P’,,}

where p,, = 0,1,2,3,... and q~= 0 or I ,becauseH is a sumofharmonicOs-

cillatorsHamiltoniansboth of thebosonicand fermionic type [201.The groundstates

arethereforeharmonicoscillatorgroundstates,p,~= 0 and gaussianwavefunctions
aroundç

6~, with fermionicoccupationnumberq~= 1 or zeroaccordingto whether)~,,

is negativeor positive. Theexplicit analyticform for the local groundstates,renormal-
ized with respectto thetrivial case,is

~c [a,r.~,cj,... ,C(~)] =

(2.23) Det 1/2 JJ(~~) ~ e_8~~0~/2

= c~Ac~A...Ac
Det112Jjjj(~o)hIe_8b0*~0*)2h/2

wherethe c; arethe <<femiionic>>Fouriercoefficientscorrespondingto theeigenfunc-
tions f~of negative )~,,that in referencecase(f~)’,wereof )~positive. Expression
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(2.23) allowsoneto understandwhat middle dimensionalcohomologymeans: for any

4~thereis an infinite numberof both c and c;! The cyclesrelatedwith thecritical
points 4i., have a dimensionsuchthat there isboth aninfinite number of cyclesof greater

andlowerdimension!

At this point wehaveproved a kind ofweakMorseinequality:thenumberof critical
pointsof Morse index pR = p is greaterthanor equalto the dimensionopf the space

subtendedby thecocyclesof order p in themiddle dimensionalcohomology.Equality
is attainedifthegroundstatespreviouslyfoundarenotremovedby quantumcorrections,

theyremainaszeroenergyeigenfunctionalsevenwhenthecrudelarge s approximation,
H8 = ~CIII AH: is not reliable.

23 Instantonhomology

Thereis oneimportantdrawback: our derivation is intrinsically local anddealswith

the critical points as isolated. Global analysisof the problem requires one to take into
accountlinksbetweendifferentcritical pointscomingfrom tunneleffectonthephysical

sideand leadingto the strongMorse inequalitieson thetopologicalone. Fora <<path>>
4,(x, r) suchthat urn ~ ‘i’( x, r) = ~, and lirn ,.-.o~(~(z,r) =

4’~
2 we consider

the family of Hessians

LI \ £

2A ci d
— ~‘ ~ 4.(x,i) — uX., i~X,T

Jo uZ

Thespectralflow of h(r) is atopological invariantwhichcanbeshownto be

(2.24) SF h(r) = P [~c~] — P [~cj = PR [4’c2] — PR

by computingtheindex of the linearizationof the operator Ô~,= + J to 0 =

+ + N (in localcoordinates).With appropriateboundaryconditionsanddeform-
ing N to zero,it ispossibleto showthat 8 isFredholm,its indexamountsto SF h(r)

andapplying the Riemann-Rochtheorem one arrives at formula (2.24) (seeRef. [3]).
Because12 is notsimply-connected,essentiallyH

1 (12; R) ~ H2 ( M; R) , thespec-
tral flows of h(r) is not well defined;it jumpsby 2N, if thefirst Chemclassof M

properlynormalizedisC1(M) = NEw] and [w} istheclassofw in H
2(M) ,when

thepathbetween and is non-contractible.
In physicaltermsspectralflow isreminescentoftunneleffectby instantons[21]. The

interestingquantityis

(2.25a) 4(b,a) = (‘~(I3)I6~°(0))=

theamplitudeoftransitionfrom thegroundstatearound.ji, with p fennions,a p-form,
at ‘r = 0 to thegroundstatearound with p + 1 fermionsat r = /3; noticetat the
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t5 operatoractingon a p-form givesa (p+ 1)-form. Anotherexpressionfor f~(b, a)

is providedby pathintegralquantizationof supersymmetrictheories[22],

(2.25 b) f~(b, a) = fEd u’] f[dn’][d s’]pe98

with the boundaryconditions f( 1,0) = u~, u’( x, /3) = u’~ and ~,(x, 0) =

,~,(x, /3) = a,. Here S~is the<<euclidean>>action

,~P çl f /Ou’ ~ 2 OIL Ou’ \
S~ ~ dr~ dx’çg,

1~—.—+s ~.—

Jo Jo I. \OT Or Ox Oxj

(2.26) + ~ (~- + 3J,,~ +

Dr’ O,i~ Ouk
—~-———~
Or Or Or

which uponquantizationin the Schrödingerrepresentationgivesriseto theHaniiltonian

H8 ~ aretheGrassmanvariables

(,f)
2 = (~i)2 = 0, {ii~(z,r),.~’(y,r)} = 0

which arerealizedatthe quantumlevel as the operators~‘, ~, and p = d xg~

is theclassicalcounterpartof the 6 operator.

At thispoint wepausetomakea comment:thefunctionalintegralsformally written
in (2.25b)havebeenrigorouslydefinedandprovedto beequalsto theamplitude(2.25a)

inReference[11]. Theyareof the samecharacterthan thosefunctional integralswhich
appearin thefield theoreticalproofsof indextheoremsfor theDirac operatorin Loop

Space[23].

In the limit /3 —‘ oc (2.25a)yieldsa formula

f~(b,a) = ~~ ~ ~ ~ e_~~$~00

(2.27)
~,(p+l)’ ~ 6~J”~{~]e~~0

connectingf~(b, a) with thesmallesteigenvalue)~of H’. Ontheotherhand(2.25
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b) canbecomputed,for a large,by thesteepestdescentmethodyielding

{ f dxJ,, [~} ~4a~} ~

(2.28) 13i(I) Pfaff’AF
Det1’2A

8

.1D’ ~8A~(~1)=sg,,-~—+

A~(çbJ) = — g;; (D1)
2 —

To derive (2.28)the order of the argumentsis asfollows:

1. The main contribution to the functional integral (2.25b) comes,when a —p

from the absoluteminima of S,~.In the <<fermionic>> sector they are very symple:
z,r) = a, and ,~(x, r) = 0 . For the<<bosonic>>variablestheyarethe solutionsof

theflow inducedby thegradient 8A

(2.29) t~Jc/i1= ~—(x,r) + J [~‘(x,r)] ~—(x,r) = 0

with initial and final conditions4(x, —oc) = 4~,~(x~oc) = Whatphysicists
call instantonsarein this caseJ-holomorphicmapsfrom R x I C CE to M. A com-

pactnessconditionfor the setof suchmaps(seeRef. [3]) canbeshownby considering
the Banachspacestructureinducedby theareaand its dimensioncomputedby the in-

dex theoremappliedto the linearizationof 8,~on ~ Translationsin R acton this
<<moduli space>>of solutions M( ~, 4~)of (2.29)and theindextheoremtellsusthat

(2.30) dim iCr (~,~)= ~ [~J— ~ [~]— 1

where .
1cc = M/R; for critical pointswith Morse indicesdiffereing by oneunit ici is

a finite set.

2. Berezinintegrationon thesmalldeformationsof the fermionicvariablesleavesus

with theGaussianbosonicmeasure

(2.31) dpO
8~°°Pfaff’A~(~

1)[di] e_8~~~ .

which canbe integratedto give f3Det V
2A

2 . Pfaff’AF . e_3 *b_A(~)l
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3. Becauseof supersymmetrythequotientof theprimeddeterminants(excludingthe
zeroeigenvaluesdueto translationsin R) is one (I) if p( ~) — p( 4~)= 1 andzero

otherwise.

4. ‘~(I) = ±I according to how the orientation of the tangent spaceto M at

t~, orthogonalto thevectortangentto theholomorphicsurfacein the directionis,
comparedwith thetangentspaceto M at

5. In theapproximation where thecontribution to (2.25a)of n instantonsis n times

thecontributionof oneinstanton,theDilute GasApproximation,

fp(b,a)~(f~(b,a)), n0,1,2,...

and

(2.32) ~o =
IE~f

Thecombinationof signsin (2.32)which makes ~ = 0 consideringthe instanton(or
tunneling)contributionappearpreciselyfor thecritical pointsforcedby thetopologyof

M. Also, thestatesconstructedin (2.23)around çb,~areno longergroundstateswhen
semi-classicalcorrectionsaretakeninto accountif ~ correspondto a critical point
which is notrelatedtothetopologyof M. Themiddledimensionalcohomologyof 12

istied to thegroundstatesnotremovedby tunneleffects.
Hoermakesthis moreprecise,andmathematicallysound,by consideringthefol-

lowing Morsecomplex: in the free modulegeneratedby thecritical points of the area

he definesa co-boundaryoperator0 : C~—‘ C~ by Ola >= n(b, a)Ia > where
r~b,a)is

+31A(#, —A(~,)J
(2.33) n(b,a) = (bIOla) = e . J~~(b,a)

/3(a,J4
1)

Obvioulsy 82 = 0 and the Hoercohomologygroups

ker8I~
HF~(M;R)=heOl

cp—1

definedmodulo 2N, are related on one hand to the middle dimensionalhomologyof
(2 and, onthe other hand, to the topologyof M.

(1) Providedthespectralflow of J[~J ~ is nottakenintoaccount.
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3. TOPOLOGICALQUANTUM MECHANICS

3.1. Globalgroundstates

In anysupersymmetricmodel, wherethe interactionsareconstructedfrom a super-
potential[24], a zeroenergyeigenstateis immediatelyfoundby inspection.In our case

is easyto seethat

(3.1) ~‘~[~1= e8A~ = ~

is a <<zero-form>>eigenfunctionalof H8 withzeroenergy

= 0

because

= 6e’~
4’~+ a6A(~)e_8A~= 0

(3.2)
= 0

independentlyof anyapproximation!
The reasonfor this is thefollowing: supposewestartwith thespectralequation

(3.3) Ho~E[4]=

Thewavefunctional ~E[~] = e_i E#I~[
1j~],where F : 12 —~ R,satisfiesa similar

equationwith 6 replacedby the<<covariantderivative>>
6a = ~ + icw6F

(3.4) H~E[4] = {6~,6(,}~E[~]= E~E[4’1.

Our model is a particular casewith a <<complex phase>>, ici = s and F theareafunc-

tional,of this situation

(3.5) H
3~’E[t~]= E~[t~]; ~[4] = ~

Thismeansthat thedimensionof theharmoniceigenspacesof A and A8 arethe same;

alsotherearestatesof thiskind of anyorder,with anynumberof fermions. In theorder
zerocase ~ [4] = constant and ~ [~] = ~ are linked by a complexgauge

transformation.
This kind of zero energystate,the exponentialof the integral of the superpotential,

is very importantin supersymmetry.If they arenormalizable,theyare thegroundstate

of themodeland supersymmetryis unbroken[251.Thenextstepis thusthestudyofthe
normof ~ in ourmodel: if thenorm is a realnumber, ~ would betheexactground
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stateand the discussionof the previousSectionwould be superfluous! We will see,

howeverthat ~ [~]= e_8~~~isnota goodquantumstate,it is not in L2(12) , andin
theanalysisof thedivergencesof thenorm of ~ theHoerhomologywill reappear.

Thenormis the functionalintegral

(3.6) N(s)= f [d4] e_28~4~

a Wiener-likeintegral which, for a large,canbeapproachedby theSteepestDescent
Method,

N(s)8~°°~ I(s,4)c)e_Z8A[~
Cr11 A

(3.7) I(~)= f
TOI~

Ed v’] e Jo dx{ v~(x)J

1(4~~]~!j~-} v’( x)=u’(z)—u,,v’(O)ETL0,v’( 1)=TL,

Thequadraticform in the Gaussianintegralin (3.7) is degeneratedueto the contribu-
tion of constantvectorfields and aFadeev-Popovmeasuremustbeusedto removethis
spuriousintegrationvolume.To understandwhich symmetryis at stake,noticethat the
<<holonomy~operator

R e~f~

actsby <<rotating>> the whole M,L0, L1 systemin a chartnearthe intersectionpoint via

the 0(2n)-connectionA~(t~)= rj~(~)~ with <<rotation>> angles w~.Near çb~it
is convenientto usea normalsystemof coordinatesand,for displacementsinducedby

constantvectorfields,wehavethat:

IL’(Z) = m’ + xv’, I7k(~)= R~(cb~)xv
t

(3.8) 1 1
= f dxA)(

11) = ~~R~(cbc)vkvt.

Weareimplicitely assumingthat thesymplecticmanifold M
2” isahomogeneusone,lo-

cally isomorphicto aco-adjoint orbit of acentralextensionby R of the 2 n-dimensional
translationgroup: the Heisenberg-WeyIgroup. Let us recall, [26], that the transfor-

mationsin (3.8) canbe seenas the representationof the Lie algebraof Sp(2 n) in

the set of polynomialsof degreetwo in the v’ variablesgovernedby the relations
{v’, v~} = J~[~] andwithWeyl orderinggivenby thecoefficientsCki = R~(4~)w~.
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Let T bethe representationof theLie algebraof theHeisenberggroupin thesetofpoly-
nomialsof degreeonein theWeyl algebra,generatingtranslationsin M2” , givenby

T= ~ Vt.

\Om’ ‘ j

Then,

T~®T v.A}(cb~)v’
(3.9)

~4I(~4~ \ — Dt fA \A k,i £
— uU

and the transformation R, preservingthe complexstructure,is symplectic. Locally,

M2” is of the form Sp(2 n)/T”, the transformationsin themaximal torus leaving
invariantthe intersectionpoint, Fig. 3.

The symmetryrelatedto thekeml of the quadraticform appearingin theSPAto the
pathintegralis thusthesymmetryunder<<rigid>> 0(2n) transformationspreservingthe

complexstructure.Theformulafor I is thefollowing, see[271

3 10 I[~ ] — Det112JT~® T( . ) — Det1/2 ~ (~ + T~® T)

It is convenienttoexpressA( 4~)is canonicalform, reducingthe 0(2 n) bundleto the

~N,. ~/‘~-~

/7\ / \~

//\ I
Ii I

Lo//Uo \Li =Li Lo I L’o Li Ui

(a) (b)

Fig. 3. Rigid transformations acting on the whole systemof Lagrangian intersectingsub-
manifolds.
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normalform E = ... ~ L,,. Then, A(4~)is off-diagonalby blocks

0

~l(~c)

A(çb~)= 0—cE~(cb~) 0

andweareleft with thetransformationsnot in 1”.

Regularinzingthedeterminantby the c-function method[281,writing A and J in

canonicalformandtaking intoaccounttheJacobianoftheactionof the S0(2) subgroup
of 0(2n) in the choiceof normal coordinatesaround ~, det’12 k = J~e~~/2c8j~~)

thefinal resultis

i —ir~(#
(3 12) I(/ ) = — e e”2~’1i=l 2(1 —cos

The norm of ~[~] = ~ is thusdesperatelydivergent: p(t/~)= oo for any

4~.But p(~) isthedimensionof the negativeeigenspaceof thehessianof A at
theenergyoperatorfor the fermionsin thesystem:thereasonfor thedivergencesis the

infinite dimensionof thenegativeenergyfermionic eigenspace,theDirac sea.Physicists

usuallycopewith this situationby renonnalizingthe vacuumenergy. This amountsto
replacingp(4i~)by PR(~~)and defininga <<renormalized>>norm,

(3.13) NR(s)= ~ I(~)~e ~ ~)e_28~9S~l
Ciii A

with an obvioustopologicalmeaning:only in the trivial case,M = R2” with a single
critical point ç&, = 0 and PR(~~)= 0 , is NR(s) a realquantity. In the caseof M
beingtopologicallynon-trivial, NR(a) is a sumof termswith, at least,asmanyphase
factorsas critical points forced by the topologyof M. To be moreprecise,the Hoer

homologyis alowerbound to NR(a)

2N
2AI(~<

NR(s)� ~ 11 (~(~))e’f~’f~e ~
(3.14) p=o

PR (~) = p, 4 = dim HF~’(M);

herethe inequality is to beunderstoodin the sensethat NR(s) hasat leastthe terms

written on the right-hadside of (3.14). Thereare moreterms,thosedue to the critical
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points removedby instantonseffects. This is why wecalledin Ref. [7] an analogous
wavefunctional,in asupersymmetricYang-Mills system,theglobal groundstate.Wave

functionalsof thekind include all thecandidatesto be groundstatesof thesemodels
but, beingnon-normalizable,theyare no evenadmisibleas quantumstates. Wethink

howeverthatthepreviousdiscussionshedssomelight on theproblemposedby Jackiw
sometimeago[29]: weknownatleastwhy zeroenergyeigenfunctionalson non-linear

Schrödingerfunctionaldifferential equationsare not normalizable.It is dueto super-
symmetrybreakingby instantons.

3.2. Topological invariants

Let us takenow anotherviewpoint. By consideringa as imaginarywereceivea

model in quantum mechanicswith a partition function(or quantumaction)

(3.15) Z(k) = j [dçb]e ~ ; ik = —2s, 2k ~ Z

Note that taking k as an integeror half-integerthe ambiguity in A[ 4] due to H2

(M; R) ~ e do noteffect Z (k) . Thetopologicalmeaningof A[ ~] givesthis model,
living in a spatialdimensiond = 0 , the flavour of atopological field theoryof thetype

of theChem-Simons(2 + 1)-dimensionaltheory. We will call the model described
by Z ( k) in (3.15) Wess-Zumino-Wittentopologicalquantummechanics.To unveil
its topologicalmeaning,relatedwith thetargetmanifold M , wedo a computationfor

Z ( k) similar to that previouslyperfomedfor N(s). The StationaryPhaseApproxi-
mationfor Z (k) yields, for k large,

Z ( k) ~ ~

crit 0
(3.16)

Det”2J(t~~)(T~ ®T)(~) . e~4’~,1~°~

Det112 IJ(~~){~4+T~®T(4~)}I

here ~ (0) isthe spectralasymmetryof thehessianoperator

h[~~]= J(~){~-+ T~

givenby a similarexpressionto theAPS theorem[30]

(3.17) flh[~](0) = ~—fdxTr(JA(~c))= ~ [t~~] A(~~)

asmeasuredwith respectto thereference,~h[#]~0)
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The final resultfor thepartitionfunction is (2)

“ i —‘~(fl
(3.18) Z(k)°~e~~’~ 11 2(1 —cos

thecontributionof ,~beingsubsummedin ashift of the integerk. Thisphenomenonis

quitewell understoodin physicaltermsin thegeneralframeworkof anomalies:integers
appearingin the exponentialtermsof (3.11)dueto topologicalpropertiesof the config-

urationspacebecomesrealnumbersand redefinephysicalquantitieswhenpassingfrom
<<euclidean>>to realtime.

More interestingare the other kind of factors in (3.18). They suggesta fixed point

formula for sometopological invariantof the manifold M. The obviouscandidateis
theLefschetznumber for theDolbeaultcomplex[311

(3.19) L~1(f)= Trf*HO even — Trf*HO ~(1~I

where f : M —~ M is a holomorphicmap and f*HO even (respectivelyf*HO odd)

is thepullbackof f actingon thecohomologyof the complexvia thepull-backto the

bundle A° even( M,R) (respectively 0~Odd ( M,R)).

TheLefschetzfixed point formulafor the Lefschetznumberis

T A
0~~’~ T *AO odd

(3.20) I4~~(f)= fixed ~ det(I—df(4~))

whereby d f( ~) we denote the endomorphismof the cotangentspaceto M2~at

çb~,T8M# ,inducedby f.
In factwecanthink of f asadiffeomorphismof M2~preservingtheKählerstruc-

tureandtaking L
0 to . Neara fixed point d f(4~)hastheform

(3.21) df(~~)= e
2#J~~

where A( ç&,) is givenby (3.11). Acting on A°” = span{d a,..., d2,~}and because
® R = T8M,~~ ,we have

det(I—df(4~))=det(I—df(q~~))det(I—df(qS~))

(2) Although A(&) is zeroforaconstantcriticalpointweconsiderhere,asrelatedtoeachcritical
point, theareashownin Fig. 3(a).
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with the importantresultthat:

(3.22) det(I — df(cb~))= 1=1 (1 — e~’~) (1 —

Simili modo, it is easyto seethat

Trf*AOCVen — Trf*AO0~~~~I= J~J(1 — e~1~.~c))

by consideringthe bundleasa productof U( 1) bundles,and weobtain

1 —

(3.23) L,~1(f)= ~ III (I — e~i(~)’l (1 — ~
Iixedpoinisi=1 \

Comparisonwith (3.18)tells usthat the topologicalinvariantprovidedby thepartition
function is therefore the following: Z ( —p) is the Lefschetznumberof themanifold.

A slightly differentversionofthemodelallowsanotherinterpretationfor thepartition

function as a topological invariant. If oneconsidersclosedloops in M
2’~,insteadof

imposingboundaryconditionsonLagrangiansubmanifolds,thepartitionfunctionis

(3.24) Z(k) = I dvol fj cç(m)
JM2. 1=1 (1 — e~T~~(m))

wherethe a,(m) arenowthefirst Chernclassesof theline bundlesinwhich thetangent
bundleof M2~decomposes.The setof critical points is now themanifolds itself; the

integrandis theToddclass,and thepartitionfunctionis thearithmeticgenus.Thereare
two differenceswith respecttoformula(3.18): a)thereisonly n constanteigenfunctions

of theoperator K = J (~4+ T~® T) ;in thepreviouscasetherewere 2 n, and sowe
obtainthefactor in the numerator.b) It is notnaturalnow to considera special m as

referencepoint and A(m) = 0, Vm. In the casewhere M2’~= S2 , this situation,
bothinphysicalandmathematicalaspects,hasbeendeeplystudiedin reference[32].

A supersymmetricextensionof thefixed point versionof the modelhasbeendealt
withby Blau[33] to describethesymplecticinvariantsrecentlyintroducedby Weinstein

[34] within theframeworkof QuantumMechanics.Theideais thata rotationwith oç =

2 ir, VI, gives the symplectictransformation—I. if SymM2” denotesthespaceof

diffeomorphismspreservingthesymplecticform w , the partition functionprovidesan
invariantfor elementsin H’ ( SymM2”, R/F’) , where F is theperiodgroup of w,
becauseweare dealing with loopsin SymM2”, which are families of loopsin M2~
itself, whentaking L

0 to L, = L0.
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In thecaseof themanifoldbeingstrictly homogeneousof theform CIT where T

is a maximaltorus,e.g. Sp(2 n) /T’ , thequantizationof asimilarmodel,basedonthe
choiceof Darbouxvariables,hasbeencarriedout in Reference[35] leadingto a path
integralversionof theco-adjointorbit methodof building irreduciblerepresentations.
Thedifferenceliesin theboundaryconditionsbut thechoiceof isolatedcriticalpointsis

dueto theadditionof a hamiltonianvectorfield. Alvarez, Singerand Windey[36] also
offer aQuantumMechanicalversionoftheBorel-Weyltheoremby supersymmetricpath
integralmethods. Theirmodel is relatedwith the model consideredin this paper: an

extensionof the WZW topologicalquantummechanicsby 2 n Lagrangemultipliers,
which play the roleof the A0 potencialin GaugeTheories,exhibitsgaugesymmetry
underMaps(I, ii) , whereIi istheHeisenberggroup. BRSTfixing this symmetryin

theextendedmodelin topologicalquantummechanicsonearrivesin thesupersymmetric
quantummechanicalmodelconsideredin Reference[36]. A detailedstudyof theideasin
thepresentwork ascomparedwith the threereferencesquotedabovewill bethe subject

of a separatepublication. It is worthwhileto mentionthat,when M
2” = C/T, (3.18)

is theWeyl characterformula, (5.15) in [36], if we do notconsidertheJacobianof the
S0(2) actionon thechoiceof normal coordinates.

The invarianceundercontinuousdeformationsof thepartition function allowing
theseinterpretationasa topological invariantis by no meansevidenta priori. To study

the dependenceof Z (k) on the metric and the almostcomplexstructureone must
considerthefunctionalintegral,

(3.25) ~ = ik f[ dq~]”6(~— ~b)”(~, ~‘)~e’~~

which is almostimpossibletodealwith. In theStationaryPhaseApproximations,how-

ever,it is zero.

6Z(k) k—ooid \_~(~~ . Pfaff AGhOSa . e~c~0)
(3.26) 6J.(~I’) — L..d ‘ Deth/2AG

V CritA B

becausethecritical pointsareconstantloopsand

coo ~l /ôu’ôu1 5u1ôu”~
(&c5)~

1 = j d’rj dxl ———————j 0,~ J~ J0 \ OX OT OX OT / ~

checkingwith the topologicalsignificanceof Z ( k) previouslyfoundfor k large. An
indirect argumentcanbe given for this propertyholdsto any orderin the expansion

in ~. The integral in (3.27) is nothingbut the expectationvalueof the torsionof the
<<curve>>atthegroundstate,easyto seeby choosingappropriatecoordinates.It happens
that, the Hamiltonianbeingzero,all the quantumstatesare groundstates.Geometric
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quantizationof theclassicalphasespaceM tells usthat theHilbert spaceis thespace

of sectionsof a line bundleon M restrictedto a lagrangiansubmanifold. Essentially,
thestatesarelinearcombinationsof deltafunctions,centredattheintersectingpointsto
give aunique quantizationprocedure.Therefore, it is naturalto guessthat theaverage

of thequantumfluctuationsof thetorsionatsucha kind of statesis zero.

3.3. Knot invariants

Theadditionof a <<source>>term to theareafunctionalmodifiesthevariationalequa-

tionsto

(3.27) =

To analyzethis morecomplicatedproblemit is convenientto usean approachbased

on the physicalcontextof fractionary,braid, statistics[37]. Considera systemof n
indistinguishableparticlesmovingonacompactRiemannsurfaceE . Theconfiguration

spaceis

Sn

we subtractin thedirectproductthepointswheretwo or moreparticlescoincidesand
identify points which arepermutationsin the symmetricgroup S,, of the n parti-

cles. The assumptionis thatour manifold M2~is now the configurationspaceof
n indistinguishableparticles,eachof them restrictedto moving in E. The statis-

tic, allowing only homologicallytrivial trajectoriesin ~ , are in the two-dimensional

case,determinedby the one-dimensionalunitaryrepresentationsof the braid group,if
= S2, ir~(M2”) = B~, as opposedto higherdimensionalcaseswherethepertinent

groupis S~.
Theactiongoverningthedynamicsis

f I ,du’
S j dx

1J11[4’]u -~—+i~1(x)u(x)

(3.28) = fdx {~~ + iino(X)u~(X)) }
a~=l,...,n, a,b= 1,2

The secondform of (3.28),coming from the Darbouxtheorem,explicitely showshow

our dynamicalsystemcanbeunderstoodasa particlemovingin (1 “, a local chartin

M
2~, or n particlesmovingin tE , a local chartin ~.

Specialcharacteristicsof the actionin (3.28) are that M2’~is also thephasespace
andthewholedynamicscomesfrom thesourceterm.
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Fig. 4. A closedioop in the phasespaceof four indistinguishableparticles
representingabraid.

Theparticularchoiceof <<point>> sourcesof thekind %,,( X) = 6( x — En) bna where
the Zn lie in the unit interval andare parametrizedby a <<evolution>>parametert E

[0, 1] providesatermin the integrandof thepartitionfunctionof the form

(3.29) j3,,(i) = e’~~-’b,,~i~[x,(t)]

this is a map from the interval [0, 1] to the setof n unorderedpoints in (E which
canbeinterpretedas a braidif /3~(0)= $,~(1) . Theperiodicityconditionrequiresthat

u~[x0(0)] = u°~[x~(1)] = c~,Fig. 4, for some a and p, not-necessarilydifferent,
betweenI and n. The<<quantization>>conditionfollows

(3.30) bna=b~+27r~~, n~EZ.

Thecorrespondingquantumoperator

(3.31) ~~(t) = e~~T-ib~~[x~(t)]:

with a normal order prescriptiondenotedby ::, is a <<blip-vertex>> operatorbecause

of thecommutationrelationsbetweenthe Ii’s : [ü~,(x) , ü~(x)] = J~. Because
the phasespaceis compact,theHilbert spaceis finite dimensionaland all the states
havezero energydueto thetopologicalcharacterof theaction. Therefore,Tr130( t) =

~ (~I’o13,,NI’0> is theexpectationvaluegivenby

(3.32) Tr$,,(t) = e~~’~ G(x~),x~(t))

where

C(x,,(t),x~(t)) = (: Ii0[Zn(t)1Ii~[Xp(t)] :)baabpb
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IO~U

(

(a) (b)

Fig. 5.The threebasicelementsof thebraidgroup.

is theGreenfunctiondescribingthe motionof a particlefrom Zn(t) to 5(t). This
canbe computedin termsof thePathIntegral

(: ft~[x,,(t)]Ii~[x~(t)]:) = Z(k)

(3.33)

x f[du?] ... ~

by meansof theStationaryPhaseApproximation,to find

(3.34) Tr~~,,(t) = e ~ [{~b,,,_b.,~}] .T~e(x~(t)—z~(t))

where r( x) denotesthesignfunction.

Becausealink is theclosureof a braid,Fig. 5, onehopesthat theexpectationvalue
of theoperator/~,,, which arisesfrom thequantizationof 13,, , will bea topologicalin-
varianttied tolinks in Al. In fact,wehavethat: Tr!3~(t) givesthequantumevolution
in theHeisenbergrepresentationasaholonomywithvaluesin adiscreteZ2 groupde-

scribedby (3.34). For t = T1 the final stateis reachedand theinvariantassociatedto

thebraidis

(3.35) Tr13,,( T1) /Tr73~( 7~) = e’~lT”.>~{~(x~(Tf)z~(T1))—c( z~(T~)x~(7~))}

For n = 2 the threebasiccasesaredrawn in Fig. 7: 1) if Xn(Tt) > z~(T1)and
thereareno crossesweobtainthe identlyelement.2) if Xn( T,) > x~(I’,) , thereis one

crossand Zn(Ti) < z~(T1), (3.35) gives the invariantof the generatorof thebraid
group, o. 3) if x,,(T~)< x~(T~), thereis onecrossandZn(Ti) > x~(T~)we get
the invariantof the inverse,a~.
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~ IiI II ____y = Xs - Xs

(a) (b)

Fig. 6. A braidin N andits closureasa knot.

(a) (b) (c)

Fig. 7. Jumpsin thecorrelationfunctionappearingat intersectiongpointsof thebraid.

Physicallythe<<magnetic>>susceptibility~ of a material,azerodimensionalmag-
netic system,whenit is piercedby point sourcesof magneticfields, appearsin theex-

ponentasa Z
2 connection,

(3.36) = ~ — x~)
n=l p=l

This suggestsaone-dimensionalvantagepointof thePolyakovlinking number[33].
In theplaneprojectionof alink thereareunderandovercrossings;themagneticsuscep-

tibility countsthenumberof crossingswith signs,giving thelinking numberin termsof

theorderof thepoints wherethecrossingsareprojectedin theunit interval,Fig. 8.
In thepreviousdiscussionwe havenot consideredthe problemarising when x0 =
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o~coo
~I L~1 L:i (c) t—O

Fig. 8. Linked loopsin N andits projectionon theunit interval.

___________ ___ ii
(a) (b)

(C)

Fig. 9. Framingthe trefoil knot.

x,,. Theobviousloopholeis to regularizethesignfunctionnearzeroby

E(Xn~Xp) =~lin~tanhX~5

insucha wayoneobtainsawell definedmagneticsusceptibilityevenin thepointswhere
two sourcescoincidesbutyieldingthesameholonomyas in (3.39). Anotherpossibility,

appropriatefor dealingwith self-linking situations,is to considera <<framing>>,Fig. 9,
of thelink in Al. Theambiguityarisingwhenframingwith differenttwisting numbers

areconsideredistamedby knowingthatnewfactorsof the(3.29)kind appearatthenew
crossings.Thus wecanalso getinvariantsof knots: self-linking propertiescanbeseen
aslinking numbersof two knotsrelatedby a framing.

Thepreviousdiscussionis closein spirit to thedescriptionof knot andlink invariants

in aAbeianChem-Simonstheorywith sourcesasexplainedinReference[39]. Another

approachis interesting. In [40] Wilsonlines are representedas pathintegralsover the
loopspaceof a co-adjointorbit C/T, e.g. Sp(2 n) /T”, with an actionwhich is the
WessZumino-Wittenterm.Wecouldconsiderour manifold M2~asthedirectproduct
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of the moduli spaceof flat C bundlesover a Riemannsurfacewith a co-adjointorbit

C/V correspondingto a given irreduciblerepresentation;we envisiononly a Wilson
loop. In theChern-Simonsgaugetheoryweattemptto compute

(3.36) Z(M3 C) = f VATrP(etf)efM3dA~~3)
A/c

when Al3 = x I, in the temporalgaugeA
0 = 0; the solution of the constraint

equation

(3.37) = ô(x — X0)

replacingtheLie algebrageneratorsin F~
21by classicalvariablesin theco-adjointorbit,

Sp( 2 n) /T~, leadstoan actionof the form:

(3.38) S= f dxJmn[cb]am~_. +f dxJ
11u~~—+ constant

where m,n= 1,2,...,(2g—2) dim C, 1,5= l,...,dimC/T and g isthegenusof

~. The first termin (3.38)is the WZW functionaloverthe moduli spaceof flat con-
nections,and is thereevenin theabsenceof flux lines; thesecondtermis thesameover

theco-adjointorbitof CIT ; thethird, constant,comesfrom theboundaryconditionsof
C anda possiblecobordismimplied by Al

3 in theeventof it notbeinga cylinderbut
rathera manifoldwith boundary5M3 = ~ U ~‘. The full quantumtheoryis recovered
by thepath integral

(3.39) Z(k) = f [dam][du1]e~~
.MxG/T

providinga bridgebetweenChem-Simonsgaugetheoryandtopologicalquantumme-

chanics.Briefly, it assumesthequantizationof Chem-Simonstheoryvia functionalin-
tegralmethodsin theHamiltonianformalism,afterimposingconstraints.

In thecaseof ~ beingequalto ~2 , themoduli spaceis a point, andwe areleft with

theBorel-Weyl-Botttheoryofthe irreduciblerepresentationsof aLie group asdescribed
by pathintegralsoverco-adjointorbits. Wecouldalsoaddnon-abeliansources;wehave

adistinct ,~foreachdifferentrepresentation,andrepeatthediscussionof the,in this case
coloured,braid statistics.This richer interpretationof the invariantsin (3.35) for now

colouredbraidscontactwith theWinen-Jonesinvariantsof Chem-Simonstheory.

4. STOCHASTIC QUANTIZATION AND PHYSICAL APPLICATIONS

In this Sectionour aim is to show how themodelsin Section§2 and §3 are related
andalsoto considerphysicalapplicationsofthe ideaspreviouslydevelopedto condensed
matterphysicsandthetopologicalunderstandingof spin.
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4.1. Stochasticquantizationand BRST symmetry

The first task is to discussthestochasticquantizationof the Wess-Sumino-Witten

topologicalquantummechanics,performed,asexplainedin Reference[34], by the su-
persymmetricsigmamodeldescribedin §2 . We shall apply the conventionalsuper-

symmetricpresentationof stochasticquantizationto our model at thesametimegoing
a further step in consideringthe problemswhich appearwhen, as in our case,there

is supersymmetrybreaking. The following developmentsexplain,togetherwith §3.1,
theschizoidbehaviourof thearea(Wess-Zumino-Witten)functional: in Section§2 the

WZWfunctionalplaysthe role of the superpotentialin a SupersymmetricQuantum
Theory, thestandardrecipefor introducinginteractionswithoutspoiling supersymme-

try. In Section§3 the WZWfuncionalis theactionfunctionalforamodelinQuantum

Mechanics.Thelink betweenthetwo disguisesof the WZW functionalis calledSto-
chasticQuantization.

Recall that theaction for WZWtopologicalquantummechanicsis the areafun-
cional

A[~,x,r)] =

Althoughit is independentofthe i--parameter,weshallconsiderr asa stochastictime

inducedby a white noise,a Gaussianrandomvariable,b(z, r). From thesolutionsof
theLangevinequation

(4.1) ~+ sJ[~]~ = b(x,r)

thestochasticpartition functionis defined

(4.2) ~

To performthe functionalintegral in thestochasticvariable b it is possibleto usethe

Langevinequationto changetheargumentof theDiracdeltafunctional

1(31 (31

“6(cti — I’~,)” =“ 6 ( —~ + sJ[~]—~— b(x,r) ‘) det Al
\t9T /

(4.3)
[((3det Al = det II — + sJ[~]— j I 6(r’ — r)

8z/j

in a convenientway. The resultis

Zs~h= f[d4iI det exP{_3~-(cb’,cb’)p+

(4,4) .exp{s[A(/3) —A(0)]}

~
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andwriting thedeterminantas a functionalfermionicintegralwe finally get

(4.5) ~ = ~

here ‘Sloth and ‘Top are

ci II (8~8~\ ~2 ((3~~
Istocii=J ~

(4.6) + (e~~ + sJ[~]
$ ~

‘Top =f drf (~-_1J[~].~_); (a,b) =

and ~, ,~aretheGrassmanvariablesofSection§2. Notethat ~ istheclassicalaction
of the supersymmetricsigmamodelof theSection§2 with supersymmetrygenerators

= dx (e~~ + sJ[ “I’]

(4.7)

In astochasticprocessthetopologicalactionarisesinanaturalmanner.After integration

oftherandomvariable b(z, r) adependenceof theboundaryvalues, çb( x,0), qS(x, 13),
mustappear. Moreover ‘Top is the essentialterm,because‘SIOCh comesfrom theap-
plicationsof the BRSTprocedureto fixing a gaugein ‘Top’ The gaugefreedomof

‘Top’ ~(x,r) —~ ~(x,r) + e(x,r) for arbitrary e suchthat ~(x,0) = e(x,8) = 0,
essentialto its topologicalcharacter,requiresuseof the BRSTquantizationprocedure
to dealwitha modelwithdynamicsgovernedby ‘Top’ In termsof the BRSToperator,
thefurmionicoperatora definedby

aq~(x,r)=e(x,r) ai~(x,r))~(x,r)a2=0

(4.8)
a~(x,r)=0 a)~(x,r)=O [~,a}o

thegaugefixing actionis

IGFJ dxa(~(xir),ôct(3i-+sJ[~]O~c9z+~(z~r))
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or using(4.8),

ICFJ dx[~-(~)+

(4.9) 0

+ (A~~ + sJ[~] — (~,~ + sj~

The standardBRST quantizationprocedureis givenby a functionalintegralof the

action I[ 4~~ ~ = ‘Top — ~ which,integratingin theLagrangianmultiplier field

)~(x,r) , is equivalent~ 1s~

f ~ =

(4.10)

= f[d~}[d~][d ,]e_J’o’dt~~~~1

In particular the gaugecondition )~(x,r)= + sJ[4]~ meansthat the BRST
symmetryof thequantizationprocedureis preciselythesupersymmetry(4.7)

(4.11) A(x,r) = ~

If we perform first thefermionicfunctionalintegral, alaNicolai [34], weobtain,

ZSLOCh =J[d~}[d)~]det{~_+sJ[4J~_}exp_fdr

fdx[~-~CX,)~)+(A,~+sf[~1~])

andrealizingthatthedeterminantis theJacobianof themap

(4.12)

finally arriveat theapparentlysimpleexpression

(4.13) ZS~h= f[d~]efo’dTfo’{~~}

after integratingin )~.. Z 5~h is thusa functional integralof the Gaussiancharacter

buthighly non-trivial dueto thenon-localcharacterof the map(4.12). Furthermore,if

the dimensionof thekernelof theoperator + .sJ[ 4] j is differentfrom zero the
map(4.12) isnot one-to-oneand thefinal expression(4.13)is non sense.Thissituation
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happenspreciselywhenthedimensionof themoduli spaceof the instantonsis different

from zero,exactlyourown casewhen Al isnon-trivial. Thefailureof theNicolaimap,
relatedto supersymmetrybreaking,is alsorelatedto a ill-definedstochasticprocess.

In stochasticquantummechanicsone considersa stochasticflow by introducinga

Hamiltonianruling the i--evolution. In our casewehave

(4.14) ~ _s(~~J[~]~)]

which,uponquantization,

.6 7l=x

(4.15) [t~(X,T),71#(X’,T)] =

{~(x,r),~(x’,r)) =6(x—x’)

becomestheHamiltonianof thesupersymmetricsigmamodel.Thesupersymmetryap-
pearsascarriedoutby the BRSTquantumoperators

~l (.6 ôçi

QJ dx~,i~+sJ[~]~—

Q+f (x~i~+sJE~~)

suchthat ~ = = 0 and H = ~ ~ The symplecticfrom w =

(6~,6~)+ (64~’,6ir~)inducesa Hamiltonian flow ~~(w) = tSH and,accordingto

thediscussionof the Section§2, theexistenceof instantonsin theflow producessuper-
symmetrybreakingand/orHoerhomologygroupswhicharenon-trivial.

Supersymmetrybreakingin stochasticquantizationisbetterdescribedby theFokker-

Planckequation,

(4.16) -P~,r] = UP[6,i-]

where P[ 4,r] is the conditionalprobabilityof q~(x, r) having a value ~ at time r

if at 0 thevaluewaszero,and ‘/i is theHamiltoniandensityof (4.14). Writing P in
theform P[4,r] = P[4,r] exp{—sA(~)},itisclearthatforlarger exp{—sA(q~)}
dominatesP becauseit is a zero energyeigenfuctionalof N. In this way, theexpo-
nential of the WZW functionalappearnaturally in the large time behaviourof the

supersymmetricsigmamodel for which the WZW functionalwas the superpoten-
tial! Alas,whenthemanifold Al presentsmorethanonecritical point, ourold <<global
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groundstate*, e~4’~, of Section§3 isnot agood integrationmeasure;it is in factnon-
normalizable,andthestochasticprocessis ill-defined.

To unveil morepreciselythetopologicalmeaningof thenon-uniquenessof thelarge

T behaviourof our stochasticsystemwe muststudy the transitionamplitudebetween

differentgroundstates,ratherthanthepartitionfunctionwhichisnon-wellsuitedinnon-
ergodicprocesses.WehaveseeninSection§2 that in thestationaryphaseapproximation
it is givenby

(~~ cb~)= > ‘y(l) ~ e_8k_4~)I

e B

In normalcoordinatesalongthegeodesics~foliating>>the holomorphicmap cb
1, fixing

to zerotherotationfreedomalongthegeodesicandfactorizingthemetric tensor,weare
left with theoperators

= (~~3® + ‘2 ®
(4.17)

[AB11= (6g.. + ~ ~ +

In thecanonicalbasispreviouslyusedfor J thequotientof thedeterminantsis

2,z on Det (a3-~-+)~(~)2) 1/2

(4.18) K ={~{ Det [(-i + ~2) (~+ ~(i)2)]

where 4~) aretheeigenvaluesof J~,becausetheoperators(4.17)aresumsof i--de-
pendentand i-dependenttemis.Thefactorsin (4.18)havebeencomputedfor large r

in SUSYquantummechanics[2211and the solutionis

K’~°°Det
112(~[~~]-~--

di

Taking into accountthe rotation freedomof thenormalsystemof coordinatesalongthe
geodesicsparametrizdby i-, aswedid in Section§3, inteadof (4.19),weobtain

(4.20) K~° ~ {~4-+ (T~®T)(~~)}I
— Det1/2J(~~)T~®T(ct~~)

Thelarge T, stochastic,limit of the transitionamplitudebetweentwo critical pointsis

thereforeinverseof the topological term contributedby thehighestcritical point to the
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partition function(3.16) in WZWtopologicalquantummechanics.It is remarkable

that the large r behaviourof thecoboundaryoperatorgiving the instantonhomology
of the symplecticmanifold is directly relatedwith the Lefschetzformula deducedin
topologicalquantummechanics.

Two final commentsaboutthe connectionbetweensupersymmetricand topological
sigmamodels:1) thesignsappearingin thedefinitionof the instantoncoboundaryop-

eratorin the first, (1 + 1)-dimensional,model havea countepartin the topological,
(0 + 1)-dimensionalmodel.Computingthepartitionfunctionin thetopologicalmodel

by the steepestdescentmethodwe must sumoverall thesteepestdescentpathsthrough
eachcritical point the contributionof every path will includea factor ±1if theori-
entationof thetangentspacealongthepath isthe sameastheorientationof hetangent

spaceto Al at ornot. 2) Since thecontributionof the instantonsis essentiallycap-
turedat large k, onecanguessthat thetopologicalexpressionof Z is true, no more
corrections,evenfor non-largek.

4.2. Supersymmetricsigmamodel and condensedmatter

Coming now to possiblephysicalapplicationsof the modelsunderdiscussion,a

first possibility is to usefor thedescriptionof systemsin condensedmatterphysicsin
(1 + 1)-dimensionswith orderparameterstakingvaluesin Al , thespaceof statesof the
systembeinga Kählermanifold;thespatialboundaryconditionsrequirethat the order

parameterat theendsof the spacelie in Lagrangiansubmanifoldsof Al. With these
premisestheycanafford amodelfor one-dimensionalliquid crystalsin thehigh-chirality
limit [12],wherethe<<gradient>>energydominatesoverthe <<bulk>> energy.Alternatively,

they providea theoreticallaboratoryfor testingpeculiarpropertiesof somerareferro-
magneticmaterials,althoughthe low-dimensionalitymakesthemodelunrealistic.

Thecrucialpropertywhich allowsoneto makequalitativephisicalpredictionsis the

groundstatestructure. The Hamiltonianof our supersymmetricsigmamodel exhibits

discretesymmetry,translationsin the<<lattice>> of thecritical pointsof M. Thevacuum
degeneracycorrespondingto this symmetryis not fully removedby instantonsand the
brokensymmetryis only partiallyrestored,thosetiedto thecriticalpointscontributingto

theHoerhomologyremainingasgroundstates.Many physicalpropertiesaregivenby
thegroundstatestructureandthesearewell suitedto describebluephasesof crystalline
liquids in thehigh-chiralitylimit (see[12]). Forinstance,the groundstatestructurein
the caseof Al beinga Riemannsurfaceof genus g is given by the Hoerpolynomia

Ft(Eg) = ~t~’~dim HF~’(~9)= 1 + 2gt+ t
2 ,Fig. 10.

Anotherphysicallysignificantmatteris thefactthatthesupersymmetricsigmamodel
wearcdealingwith is anomalousin thesensethatthephenomenonof fermionfraction-
ization takesplace(see [13]). The choiceof a critical point contributingto the Hoer

homologymeansthat thesystemis in an equilibrium statewhich is a gaussianaround
thecritical pointandaDirac sea,the fermionicstatewhereall thenegativeenergyeigen-
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(a) (b)

Fig. 10. Instantonsandgroundstatestructurefor thesigmamodelwith theRiemannsurface

of theFigureasthe targetmanifold.

statesarefilled. Thefermionicenergyoperatoris.theHessianof the WZW actionfunc-

tional; it is evidentthatDiracseasatcritical pointswith relativeMorseindicesotherthan
zeroaredifferentand,becauseweneedto pick a groundstateforquantizingthequanti-

zationprocedureintroducesanambiguityin the definitionof thefermionicnumber.To

makethis moreprecise,considertheoperator

(4.21) C = ~ ic~fdx{g~(#,)xi(x)V(x)}

DT is theunitaryoperatorrepresentingin theHubertspacethetranslationgroupof the
<<lattice>> of critical points: T = Z

21.1 ®~ Z ~ fk = dim HF!c( Al). Theother

factorin (4.21) is theunitaryoperatorwhichaddsafermionnumberc~to thefermionic
contentof anyparticularstate.Startingfrom thegroundstatearoundthereferencecriti-

calpoint lcto >2 , no fermionsat all, thevacuumorbit is CIcbo >B. Thedegenerancy

of the groundstate,coming from the C action, yields a ill-definition of the fermion
number:

(4.22) f{g~j(QSc)x()~()} {I~o>B gI~o>~} ~1t(~c)

I4~c>F~R 9Ih/~o>B=l?0, gEG
becausethe normalorderingis referredto Icto >~. Puttingthe sameideain another

disguise,theconceptofspectralflow re-appears.In theexpansionofthefermionicfields
in termsof eigenfunctionsof theHessianoperator

= ~ [C(~)J~’(x) exp(—i)~r) +

(4.23)

+C~(qS)f,~’(x)exp(i)çr)]
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somecoefficients C correspondingto thepositivepartof thespectrumbecomeC;,

in the negativepart,whenmoving from onecritical point to another. The numberof
thoseis preciselytherelativeMorseindex.

The intelligenceof thesupersymmetricsigmamodel of Section§2 asthestochastic

quantizationof the topologicalsigmamodelof Section§3 suggestsotherphysicalappli-

cations.Thenormofthe<<global>>groundstateofthefirst modelisthepartitionfunction
of thesecondone. In stochasticquantizationwe would say that the conditionalproba-
bility relaxesat the equilibriummeasure. Closingour eyesfor a momentto the lack

of ergodicity, inherentot theexistenceof severalgroundstates,physicalpropertiesat
equilibriumin thefirst systemareobtainedasthecorrelationfunctionofthesecond.For
instance,themagneticsusceptibilitygivenin (3.34)-(3.35)is thecorrespondingquantity

in thesupersymmetricsigmamodel whenequilibrium is reached.Themost important
featureis that, havinga dipolarstructure,themagneticsusceptibilityis independentof

distance.Thejumpwhentherelativelocationof the~<poles>>is reversedreflectsthetopo-
logical obstructionsin theproblem;duetothe topologyof Al thereisnouniquegaussian

statearoundauniquecritical point, thesystemisnon-ergodic,and correspondinglyone
musttakealocal choiceof thealmostcomplexstructurearoundeachcritical point, the
jumpsappearingatthe intersectionofthe localcharts.Stayingcloseenoughto aground

statetheform of themagneticsusceptibilitycorrespondsto dipole dissociationor Debye
screening[14]; themodeldescribesaplasmaphasewith amassgap,atleastfor not too

smalltemperatures(nottoo large/9). In theanalogous(3 + 1)-dimensionalYang-Mills
systemtheChem-Simmonspartitionfunction would describea disorderelectricphase
at finite temperature,thePolyakovlinking numbergivinga <<perimeterlaw>> [14] for the

expectationvalueof the Wilsonloops.

4.3. Topologicaltheoryof spin

A secondpossibilityfrom thephysicalpointof viewistousethe WZWtopological
quantummechanicsas a topologicaltheoryof thespinof arelativistic particlemoving

in D ,= 2 n + I dimensionalcurvedspace-timemanifold, alongsimilar linesto those

developedby Polyakovin [15]. Let XM bethe local coordinatesdescribingthemotion
(in euclideantime) of a particlein a universeX whichlocally is R2’~. Considerthe

quantumactionforarelativisticparticle,includingafunctionalintegralin thevelocities,
givenby

(4.24) Z = f[dXM][dh][d)][d/4e_mJ’oh)euJ’oc~1A_~ei~~

here A is aLagrangemultiplierwhich uponintegrationenforcestheconstraint

(4.25) =
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1/2
where h(x) = [g~~( x) X~XL~] is the<einbein*and is themetric in X. From
(4.25)it automaticallyfollows that the~velocities>>e~satisfy

(4.26) g~9(X)e
M(X)e”(X)= 1

andwewill chooseg~~(X)in sucha way that (4.26) describesouf Kählermanifold

Al. The spinfactor introudcedin [15] ~(P) , dependingon a path P in X, is the
partitionfunctionof WZW topologicalquantummechanics

(4.27) ~(P) = f[D~]et~~~

becausewhenthe particlemovesalong a closedloop P in X its velocity describes

somepath in Al. For pathsof the kind depictedin Fig. 11 our maps çb re-appear

and theobvioustopologicalmeaningof ~(P) arises: self-intersectionsof the world-
line of a particlewith spinarefixed pointsof diffeomorphismsof theKählermanifold
wherethe <<classical>>spintakesvalues. The spinfactor is essentiallytheexpectation
valueof the<<paralleltransport>>of thevolume elementof Al along P. We compute

this quantityin Section§3 by applyingto thefunctional integral in (4.27)thestationary
phaseapproximationmethod;thecontributionatthefixedpointsis givenby thefenninoc

determinat

(4.28) det {6~~~._A~(z;~~)}= f[d~][dn]efo dx{E,(6h+A(z;~

0))n’}

Fig. 11. A pathdescribedby thevelocityvectorin M whenthe particle
movesin X.
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leavingapartone phaseand the <<bosonic>>determinant.Because~ and ~ canbe
realizedintheHamiltonianformalismas “y-matricesit suggeststhat Z describesDirac-

typepropagatorsmore thanKlein-Gordonones.
To seethat,explicitely,it isconvenientto makea Fouriertransformintroducingcon-

stantsourcesb’( x) = p$ and computing

(4.29) <‘fe dx(~#(x))>= fEd çb]e~J’o’ dx(~,~)e A[~~]e1fo dx(p~)

herewehaveincludedthe<<kinetic>> term of thesigmamodelwhich introducescorrela-

tionsbetweenthevelocities &. It is easierdo thecomputationof (4.29)in the infrared
limit; it requiresa re-scalingof x to y = Lx. The dimensionalconstant k0 = k/L
mustthen be quantizedto be k0 = n/2L to give a well-definedfunctional integral.

In thecanonicalsystemof coordinatestantamountto the splitting of thebundle (4.29)

describesthequantummotionof a ~-particle moving on the manifold M in thepres-
enceof n Dirac monopolessitting at the centresof n non-interestingfundamental
two-cycles.In energyrepresentation(4.29)is

(0 ~ 0) =

(4.30) (1)ff

(Otu’(y
1)Ik>< kIu’(y2)I0 >p1p1dy1d~2...

assumingthat (0 /~0) = 0. In the infrared limit thefirst eigenvalueovertheground
statedominatesandtheseriesin (4.30)canbesummed.Accordingto thephysical inter-
pretationpreviouslygivenfor thecoordinaterepresentationof (4.29) in termsof mag-

netic poles, in our casewe havetwo possibilities: if the fundamentaltwo-cycle is a
two-sphere,thespectrumAk is

Ak = a>~~ç(er + ~-), = ~-, 1,

becausetheeigenfunctionsarethetensorproductof the n monopoleharmonics

= ®D~+(~r,~), mr = er,er+i,.~ ,er~l,er

Forthetwo-torusthe spectrumand theeigenfuctionsare

Ak= r=l( ~-),£r ~Z;

= ® ~ m~+ m~ =
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In bothcasesthegroundstateis 2 n-times degenerated,—e~= 4, m,. = ±4 for S2

and £,. = —1, = 0 for T2 andthe eM canberealizedas ~yM~matricesin theHilbert
spaceof dimension 2 n. Thenthecorrelationfunctionin theright handside of (4.30)

isconstantand theansweris

(4.31) (e’fo’~~) = e’~’’~’~

where~

1M= E~M~y°,a = l,
2,...,2n+ I are flatindicesandtheE~aretheinverseof

the (2n±1)-beinson Al.
In thefunctionalintegral(4.24) thereis only oneremainingintegrationto make:the

sumovertheeinbeinsh( x) . The integralis invariantwith respectto one-dimensional

generalcovariance,x’ = f(x). We canusethis freedom to fix the gaugeh(x) = L.
Z is thenreducedto the integral

(4.32) Z = fdLe_mLeu1)M7M1~

andthepropagatoris thepropagatorof a spin —4 particlein a curvedspacebecauseit
is the inverseof theFouriertransformof the Dirac operator

(4.33) D=i~y~VM+m; VM= ~-_+ ~

Highervaluesof £r would leadto propagatorsfor higherspins. Notethattaking large

L andlarge k simultaneouslyiscompatiblewith small k
0 and,hence,with small spin.

Anotherimportantobservationis the following: the large L limit is the large c~
limit. Whenc~—~ oo only thegroundstatesdo not decoupleand areimportant,justas
in theinfrared limiL Thisgives a clueaboutwhy the partitionfunctionof the WZW

topologicalquantummechanicsis relatedwith the index theorem.Therecentproofsof
the indextheoremarebasedin thequantummechanicsof thesigmamodel [8] because
the contributionof thenon-zeroenergystatescanceldueto supersymmetry. WZW
topologicalquantummechanicsare the limit of thepreviousmodel wherethenon-zero
eigenvaluesgo to infinity andgive no contributionwithout theneedof supersymmetric

(fantastic)cancellations.Weareleft only with thegroundstates:nowondertheproofof
the index theoremin the frameworkof topologicalquantummechanics!An intriguing
questionremains:isthereanydeepreasonfor theoriginof theDiracoperatorwhenaspin

factorrequiredby theindextheoremis includedin the quantumactionof a relativistic
particle?

5. AN EXACT EXAMPLE

As a final computationwecanexactlysolvethecasewhere M is the two-torusT
2,

a simplebut far from trivial example.Theimportantobjectisthe<<kernel>>givenby the
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Fig. 12. Piece.wiselinearandpiece-wiseconstanttrajectoriesinphasespace.

functionalintegral

r r’~ I jd,.) jd.~’

K(u~,u’~k)= / [du’}e’ Jo ‘~~‘t~T~’
4 ~

(5.1) J

u’(O) = u~, u~(1)= t4 i= 1,2

wherethe<<coordinates>~u’ parametrizea two-torus,i.e. u’ E [0, 1] andareperiodic.
The partitionfunctionis then

pl

(5.2) Z ( k) = j d u~j d u~K( u’, ut k)
0 0

To definethe functionalintegral as a limit of finite-dimensionalintegralswe choosea

<<cartesian>>polarization,u’ playingthe role ofcoordinateandu2 beingthemomentum.
this allows us to takea polygonalapproximationfor the <<trajectories>>in phasespace

with u2 beingpiece-wiseconstantand u1 piece-wiselinear,Fig. 12. The functional
integral is then definedto be the limit of the productof finite-dimen- sional integrals
on thevaluesof u~atthe dividing pointswhen the intervaltendsto zero. Due to the

periodicity of thevariable u1 wemust sumovertrajectoriesincominginto thepoints
u~— m where m is an integer,i.e. (seeRef. [35])

K(u~,u~k)= i~’-~oo(2ir)’~fdu~du~...du~q_idu~j_
1

(5.3) exp {iku~(u~— u~)+iku~(u~— u~)+
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The integralsin the u2 variablesgive ö-functions which allows usto integratein

to get

K(u~,u~k) = f d u~K(u~,u~k)

(5.4)
=.._>f du2exp{iku2(u~—u~+m)}

fixing u~= 0 andintegratingon u2 — b. Theidentity

(5.5) ~exp ikmu2= ~ (ku2 — ) = 2ir >~ (~2—

leadsto

(5.6) K(u~,u~k)= ~.fdu2expiku2(u~—u~)~I6 (u2 —

Formula (5.6) yields periodicphysicalpredictionsif the<<modulus>> is invariantunder
thetransformationu’2 = + q for q aninteger.Thisgivesthequantizationcondition
k = 2 irq, slightly differentto thatpreviouslyconsideredthroughoutthepaperbecause

we were dealingwith the caseof two-sphereas a fundamentaltwo-cycle. The final
answeris

(5.7) K(u~,t4;k)=~~expi2is(u~—u~).

In <<energy>>representation

K(u~,ub’;k)=

it is easyto seethat theHilbert spaceis subtendedby thewavefunctions(groundstates)

(5.8) ~
08(u’) = =e12~~8t~, s = 0,1,... ,q —1

then being finite-dimensional. In fact WZWtopologicalquantummechanicsare in
this casenothingbut a Z q’ k = 2 irq, model on a point! Alternatively, it canbe seen

astheusual Z q modelof statisticalmechanicswheretheblock spintransformationis
iterateduntil reducintthe latticeto a point.
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It is immediateto generalizethis resulttoa Riemannsurfaceof genusg andbundles

with structuregroupa abeliangroupT, insteadthe u( 1)-bundlesover T2 previously

considered.The dimensionof the Hilbert spacein this case is ~ 2’ This is
interestingbecausethepredictionof the GeometricQuantizatioprocedurein theSPA

is exactlythe same: in the topologicalquantummechanicsfor the torusthe stationary

phaseapproximationis exact. In fact, the partitionfunctioncanbe exactlyfound from
(5.4) - (5.6). Wehavebeen,however,toorestrictive.The states(5.8) areperiodicin u1
but in quantummechanicsrays, ratherthan vectors,in Hilbert spacesare meaningful.
A phaseo~(x)is allowedyieldingthemostgeneralperiodicitycondition ~b(u1+ 1) =

cw~(u’), with ~ = ~(1) — a(0). Choosingthe samephasein all the termsin the
energyeigenfunctionexpansionof K, to satisfythe generalperiodicity conditionwe
get

(5.9) Z=~~=~—,

and thepartitionfunctionis independentof k! It is convenientto expressthepartition
functionin theform

(5.10) Z = (‘I’
0F’I’0) ~ =

where >= ~o c4 ~ > and C81 = 1 , because this is the way in which the
topologlcal invariantarisingin QFT are axiomatized.

Wecanalsointroducestatesin <<momentum>>representation,relatedwith theprevious

oneby Fouriertransformations.These<<spin waves>>are

— 1 Id1i(2~8_u2)o1 — l~ (~2—

O8~%/~27rJ s.,/~ ~ k

To obeytheperiodicity conditionin u
2~

03(u
2 + ~1) = c~

03(u
2)wewrite statesin

theform

(5.11) ~(u2) = ~=~co’~ (u~~(n+s))

and theinvariant ~ is alsoobtainedby usingthem

z = du2~s(u2)~o(u2)a:ar=
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Fig. 13. Two .plane* poles creatinga constantmagneticfield on the
torus.

~iII1
x~(t~) Xz(t

2)
I—

Fig.14.Graphof~in 7~2xI.

A physicalcomment:this partitionfunctioncorrespondsto thespinfactorof a charged
particlemoving on a torus undera megneticfield createdby <<plane>> magneticpoles
locatedatthecentresofthegeneratingone-cycles,seeFig. 15.

Finally, weshall considerbraidsand links, Fig. 14-15,on T
2. In the caseof two

point-sources,thephasespaceis T2® T2 — D /S,~, the braidinvariantTr13
2(T1)/Tr

~2(~) ,where

(5.12) Tr~?32(t)= (~,o~2(t)I~o)= (~0~P(e~f ~::_~X)U~) ~p)
p~(x)= b(:1a6(X — Xa(t))

canbe computedby the Baker-Haussdorfformula (notethepath orderingnecessaryin

the seriesexpansionof the exponentalbecausethe operatorsü~do not commute),
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Fig. 15. Thelink L closing ~.

yielding

P (e~f>’~~) =

(5.13) ....—~fixfdx’> >p(P~PpO—P~~ePp,)[~(z),~(x’)]

eikf1~~~

suchthat

(tb0 1/32 1/)~)= e b,b2~(x,(t)_x2(t)).< ~o e~’~f~ ‘Po >
(5.14)

= +

To compute (~Jetkf>~t~~o)~one canusethe unit projectorin termsof the

eigenstatesof the f~,Q8 and the final answeris a/2~r, if a phasea is allowedin the

state ~ >.

Forthelink-invarianta functionalintegral is bettersuited.Thepartitionfunctionis

p

Z(k;L) = / du~ /
(5.15) Ju~,[x(7)]=u~~

[d ~ ~

By changingtheintegrationvariablesto u~= v~— fdxD°
t’(x — x’)p~t(x’), where

D~(x— x’) = E.~abE(X— x’) is the Greenfunction for the differential operatorin the

exponentialof (5.15)

(5.16) 6O
6~-~—(x— x’) = 5(x — x’)
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oneeasilyobtains:

(5.17) Z(k; L) = Z(k)e1[~(xI(Tf)_z2(Tf)_~1~T)_z2(T))]

andtheresult(5.14) is recovered.
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